Introduction
developed a theory of multiproduct firm and used a differential approach to model a multi-output production using multiple inputs. They theoretically derived input demand and output supply equations for multiproduct firm. The authors also extended these derivations to the input allocation decision for the cost minimizing, the revenue maximizing firms, as well as multi-output production decision for the profit maximizing firms. However, the complexities of the equations presented some barriers to empirical estimation of such models. This paper developed an empirical estimation model for multi-output production decision using multiple inputs in the profit maximizing firm, namely, multi-output production decision model. [2] comprehensively derived input demand and output supply systems and exemplified the estimation of these systems. However, he recommended imposing input-output separability restriction to simplify the input allocation and multi-output production decision models for estimation. This restriction resulted in input allocation decision independent of the changes in output prices and multi-output production decision independent of the changes in the input prices, which was counterproductive to the multiproduct firm theory. Recently, [3] and [4] developed empirical models to estimate input allocation in the revenue maximizing and the cost minimizing firms, respectively. These empirical models linearized functional forms of the input allocation models without having to impose the input-output separability and input independence restrictions. Additionally, the authors suggested a statistical test, which checked whether imposing these restrictions was necessary. By using this linearization technique, we developed an empirical model for the multi-output production decision for the profit maximizing firm that combined both cost minimization and revenue maximization for a particular firm. We also proved homogeneity property for the individual input price parameter for each output.
[5] and [6] estimated output-supply model. However, no one to date had empirically estimated multi-output production decision model due to the complexities associated with the input price terms. This paper reformulated multi-output production decision model for the profit maximizing firm by using proper parameterization to linearize theoretical model's functional form. This advancement allowed us develop multi-output production decision model that could easily be estimated empirically.
The empirical model suggested that multi-output production decision was a function of the Divisia output volume index and the relative changes in the individual input and output prices. The model was derived in such a way that the theoretical adding-up conditions held for all parameters. The restrictions like homogeneity, symmetry, input-output separability and output independence cpuld be imposed and tested statistically.
The paper was organized in the following way: Section 2 developed the multi-output production decision model for profit maximizing firm. Section 3 linearized and reformulated the model empirically, and Section 4 concluded the paper.
Multi-Output Production Decision Model for Profit Maximizing Firm
Profit maximizing multiproduct firm implies the following multi-output production decision equation for the rth product [ ( ) ( )
expresses the additional cost of the ith input used in the production relative to the additional dollar's value of the sth output as a necessary condition for profit maximization. 
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for output homogeneous production function [2] . By these definitions, Equation (1) shows that the multi-output production decision is affected by the changes in both output and input prices.
Note that when the firm is input-output separable, the multi-output production decision model becomes independent of the input price changes. This restriction implies that the individual input price indexes are the same for each output. Hence, the Frisch input price indexes are equal to each other, ( ) ( ) ( )
Therefore, the input prices disappear in the Equation ( 
Multi-Output Production Decision Model

Linear Model
This section simplifies Equation (1) to a linear form. We can show Equation (1) 
When we decompose output price terms into two terms using the above definition, ( ) Then, we rewrite the last term of Equation (2) as, 
By distributive property, we rewrite expression (7) is not necessary to hold.
An Empirical Model
We parameterize Equation (10) The covariance matrix, Σ , happens to be singular due to the adding-up conditions. After dropping one equation we estimate the remaining m-1 equations simultaneously [7] . Maximum likelihood or iterative seemingly unrelated regression (SUR), which also iterates to maximum likelihood [8] 
Both restrictions can be tested with an LRT.
Conclusions
This study makes it possible to empirically estimate the decision model that optimizes the production process with multiple inputs being used across multiple outputs. The model aligns with the dual approach of cost minimization and revenue maximization for the profit maximizing multi-product firm while keeping jointness in production structurally intact. We reformulate multi-output production decision model by using proper parameterization to linearize theoretical model's functional form. Homogeneity property for the individual input price parameter for each output is formally proven, which is never done before.
Appendix A: Simplification of Summation Terms
The expression ( ) 
